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Abstract—Stochastic gradient descent (SGD),
one of the most fundamental optimization algo-
rithms in machine learning (ML), can be recast
through a continuous-time approximation as a
Fokker-Planck equation for Langevin dynamics,
a viewpoint that has motivated many theoretical
studies. Within this framework, we study the
relationship between the quasi-stationary distri-
bution derived from this equation and the initial
distribution through the Kullback-Leibler (KL)
divergence. As the quasi-steady-state distribution
depends on the expected cost function, the KL
divergence eventually reveals the connection be-
tween the expected cost function and the initial-
ization distribution. Under the assumptions of a
locally quadratic neural-network loss landscape
and a quasi-stationary SGD regime, we derive an
explicit upper bound for the expected loss in terms
of the initialization variance. Then, by minimizing
this bound, we obtain an optimal condition of the
initialization variance in the Gaussian case. This
result provides a concrete mathematical criterion,
rather than a heuristic approach, to select the
scale of weight initialization within the locally
quadratic SGD regime. In addition, we experimen-
tally confirm our theoretical results by using clas-
sical SGD to train shallow fully connected neural
networks on the MNIST dataset and a two-layer
CNN model on the CIFAR-10 dataset. The results
show that, for the simple network model, if the
variance of the initialization distribution satisfies
our theoretical optimal condition, then the cor-
responding network achieves lower final training
loss and higher test accuracy than the conven-
tional He-normal initialization. For the two-layer
CNN model, He-normal initialization gives the
best performance among the tested initializations.
This observation is consistent with the proposed
optimal condition, since the variance ratio of He-
normal initialization remains close to the optimal
value not only at the overall level but also ap-
proximately at the layer-wise level. This suggests
that satisfying the proposed condition at both

global and layer-wise scales may be important for
achieving lower loss in this architecture. We also
discuss the limitation of our optimal condition
on complex networks. Our work thus supplies a
mathematically grounded indicator for choosing
the initialization variance and clarifies its physical
meaning in terms of the parameter dynamics in
neural network models.

I. INTRODUCTION

Stochastic Gradient Descent (SGD) is a corner-
stone optimization algorithm that underpins many
advancements in machine learning (ML) and deep
learning (DL) [1]-[3]. In general, if L is a differen-
tiable loss function of any ML model with trainable
parameters W € R¥ (all weights and biases of neural
networks, for example), then training such a model
is equivalent to searching for the optimal parameter
W* € RE that minimizes L, that is,

LOW*):= inf L(W). (1)

WeRK
SGD approximates such W* by generating a se-
quence of parameter (W®),5¢ such that W ~ W*
for sufficiently large t. The main recurrence relation
in SGD is given by

WD = w® _ VLW ®), (2)

where « is the learning rate, L is the estimated loss
function computed using a small subset of training
data called minibatch, and VL is the gradient of
L with respect to the weight W. In practice, the
initialization W) ~ po for some probability distri-
bution py (the common choice is Gaussian distribu-
tion A(0,021) for some oo > 0). At each step, the
algorithm tries to move toward the direction with the
steepest loss function at a constant rate of a > 0.



Despite its widespread applications, the theoret-
ical understanding of its dynamics and behavior
remains an active area of research. For instance,
several theoretical studies have been introduced to
explore the convergence property of SGD [4], the
convergence around flat minima [5]-[7], and heavy-
tailed phenomena in SGD [8]-[11]. Other studies
focus on the influence of hyperparameters, including
the learning rate a and the batch size b, on the
behavior of SGD [6], [12]. In addition, the choice
of weight-initialization strategy also has a significant
impact on both convergence behavior and general-
ization performance of the model as well (see, for
example, [13], [14]). In particular, the widely used
Xavier initialization [15] and He-normal initialization
[16] have proven effective in practice for efficient
learning in deep neural networks. Additionally, [17]
briefly discusses how initialization choices are related
to network architecture.

This study focuses on analyzing the impact of the
initialization parameter using the continuous-time
approximation method of SGD. First, we approxi-
mate the stochastic sequence generated by equation
(2) using a continuous-time framework. This ap-
proximation is well established to study the relation
between minibatch size and the learning rate in
Artificial Neural Networks (ANNs), for example, by
[12], [18]-[20]. Next, by applying the Fokker-Planck
equation, we derived the steady-state distribution of
the converged process under standard conditions of
the loss function L. Several recent studies have cast
SGD dynamics in terms of a Fokker—Planck formal-
ism (e.g. [21]-[24]). In particular, [23] suggested that
the stationary state of SGD can retain dependence on
the initialization through a memory effect. Moreover,
[22] connected the analytically derived steady state of
the associated diffusion process with the empirically
observed quasi—steady state by explicitly quantifying
their KL divergence. These perspectives are closely
related to the methodology developed in our study.
However, based on the continuous-time approxima-
tion, we establish the main additional contributions,
as listed below.

o We derive, through a Kullback-Leibler diver-
gence analysis, the analytical bound for the
expected loss function with Gaussian weight
initialization in the classical SGD.

o We show that for small initialization variances
(0% < 1), the expected loss scales as E[L(W)] =
O(V(W)), where V(W) is the variance of the
parameter W at quasi-steady state. Meanwhile,
for large variances (o > 1), it behaves like
O(log o3).

e By minimizing the upper bound derived from

the expected loss function with respect to o3, we
obtain an optimal condition for the initialization
variance o3.

o We validate our theoretical result through nu-
merical experiments by comparing it against the
widely used He-normal initialization. It shows
the existence of an optimal hyperparameter in
three-layer deep neural network models (DNNs),
and a new perspective that confirms our optimal
condition can also be observed in a two-layer
CNN model initialized using the He-normal dis-
tribution.

o Finally, our numerical experiments seem to sug-
gest that better performance is obtained when
the optimal condition is satisfied not only for
overall layer weights but also for the parameters
at each individual layer.

This paper is organized as follows. Section II pro-
vides the background on our work, focusing on the
continuous-time approximation of the SGD sequence
and deriving its steady-state distribution. The main
result of this study is presented in Section III. Nu-
merical experiments carried out on the MNIST and
CIFAR-10 data sets are provided in Section IV. Fi-
nally, Section V concludes the result of this study and
discusses possible directions for future investigations.

II. STOCHASTIC DIFFERENTIAL EQUATION
FRAMEWORK FOR SGD

A. Continuous-time approzimation for SGD

In this section, we provide the main theoretical
framework for understanding the optimization prob-
lems of the SGD in ML. The SGD is one of the most
widely adopted and basic optimization algorithms.
In addition, the SGD is denoted as a discretized
recurrence equation for an optimized parameter in
ML. Its time evolution is driven by the loss function
gradient, and the step size is defined by the learning
rate @ > 0. In the following, let N denote the total
size of the training data. Under the condition that
the ratio o/ N is sufficiently small, we can obtain a
stochastic differential equation (SDE) by rewriting
(2) as follows.

Wi o = 2 [VL+(NVL-VL)]

=% [VL+(VL-VL)], (3)

where VL = va VL; is the sum of the true gra-
dient VL; evaluated at observation ¢, and VL =
% Zz‘eﬂb VL; is an estimated gradient evaluated by
multiplying the average individual gradients (over
a minibatch) with the sample size N. Intuitively,



VL approaches VL as b approaches N. Then, the
equation is rewritten as follows.
W(t+1) -

WO =S [VL-n)]. ()

Here, 7(t) = VL — VL is the difference between the
true gradient and the sampled gradient at W®). It
reflects the error introduced when approximating the
true gradient of the loss function using a minibatch
gradient. If the batch size is sufficiently large, the
central limit theorem can be assumed to hold for
this gradient error. Consequently, the expected value
of n is E[n] = 0, and the gradient error can be
seen as Gaussian noise for the recurrence equation.
Under this condition, the noise is characterized by
Eln(t)n(t)] = N(¥ - 1)D8(t — ') ~ 2-06(t — t'),
where ¥ is a covariance matrix [12] when N is
sufficiently large compared to b. We assume that this
covariance matrix has a square root decomposition
formula, which is given by ¥ = BBT. Furthermore,
if « is sufficiently small and comparable to the size
of the discretization time step At (At := «), then
the continuous-time approximation can be applied.
In the regime where « is sufficiently small, this equa-
tion can be interpreted as a stochastic differential
equation (SDE), expressed as follows:

AW = —VLdt + \/eBdV,. (5)

where € is ¢. In addition, V() follows V() ~
A4(0,1). Note that the coefficient of the stochastic
term €2 is obtained by considering lima;_,o VAt =
dV;. This equation can also be viewed as an equation
for the Wiener process.

B. Fokker-Planck equation

Under the small regime of e, the SGD can be
seen as an SDE with the Wiener process. Thus, by
using Ito calculus, we can derive the Fokker-Planck
equation for the SGD framework. The Fokker-Planck
equation allows us to describe the evolution of the
probability distribution function over time, which is
useful for understanding the distributional dynamics
of weights in SGD.

Suppose we have a test function Y = ¢(W®) =
(Y%), Ito calculus for the kth stochastic process com-
ponent Yy, is calculated as

Z 0Px dW(t
(6)

1 % pp ®) 7err()
2;;%%&4/ aw;?.

Finally, we get

doy, = g¢k( VLdt + eBdVy),
,Zza O (6561t

dor — ~— 09k dV;

w2 awi( VL+VeBo )

ST G O

Here, we use dV;dV; = d;;dt, where §;; is Kronecker
delta. To obtain the Fokker-Planck equation (Kol-
mogorov forward equation), we take the expectation

of (7):
E[d‘ﬁ’“} - E{Zad”f( VL + 2B dvt)l

dt ow
1 o
2 ; ow; Ow; €% } ®
Then, we obtain
op(W. 1)
tYVL
ot Z 8wZ p(W,1) VL);

2

+ §zj:m(p(wat)52) dij . (9)

Equation (9) encodes the dynamics of the weight
distribution function and is useful for understanding
its behavior. By using a different stochastic process,
such as "Levy-process", we can also derive a similar
SDE [25]. Note that we used Gaussian noise to derive
the Fokker-Planck equation, and this noise comes
from the gradient error between the true gradient
and the gradient on the minibatch learning.

Our theory is developed around the quasi-
convergence of SGD. Therefore, a usual assumption
for the existence of such a state is required and stated
in the following part. We first assume that around
the deep local minimum, the loss function is well
approximated by a quadratic form, which is given
by

L(W) = %WTAW, (10)
where A is positive definite and VL = 0. Without
loss of generality, we assume that a minimum loss
is at W = 0. Through this assumption, we can de-
scribe Gibbs-like quasi-steady state distribution, and
it makes sense when the loss function is smooth and
the stochastic process reaches a low-variance quasi-
stationary distribution around a deep local minimum
[22]. Moreover, within the small regime of learning
rate, the exit time from the local minimum is very



long [26]. Thus, the local minimum is deep, and
a quasi-steady state exists. It is given by solving
the Fokker-Planck equation when we assume the
distribution converges to a steady state after ex-
ploring the state space long enough, under isotropic
variance, i.e., ¥ = o2I. At the quasi-steady state,
the solution p(W) evolves independently of time t¢.
By applying this condition on (9), we obtain the
following equation:

(11)

Therefore, the solution of the weight distribution
function is given by

V() = —p(W) 25 VL.

_ 2bL(W)

p(W) = Cl’loce ac? (12)

Here, we use § = ¢, and Cpoc is a normalized

constant for a distribution for one local minimum.
This formula contains the structure of the loss func-
tion and output softmax function through the loss
function L. By collecting all the necessary conditions,
the following assumptions are made throughout this
study:

1) The learning rate « is sufficiently small, and
SGD can be written as an SDE in continuous
time approximation.

2) The covariance matrix is an isotropic structure
Y =0l

3) This stochastic dynamics goes to a deep local
minimum with the quadratic loss function, and
the escape time is sufficiently large. Then, we
have a quasi-steady state for the Fokker-Planck
formalization.

From these assumptions, the main results of this
study are presented in the following section.

III. OPTIMIZATION METHOD FOR INITIALIZATION
VARIANCE

In ML, to obtain a high-performance model, we
need to choose optimal hyperparameter settings such
as the learning rate, batch size, and the proper-
ties of the initialization distribution. Building upon
the continuous-time framework developed in Section
II, this section investigates how the initialization
variance oo affects the final loss value in SGD.
Our analysis begins by establishing the steady-state
distribution of the weights via the Fokker—Planck
equation. We also prove the relation between the
variance of the steady state and the loss values by
optimizing the variance of the initial distribution. We
first consider the KL divergence between the station-
ary distribution and the initial Gaussian density to
relate the steady-state loss to the initial variance.

Proposition III.1. Assume that the quasi-steady
state distribution of Equation (12) exists, and let pg
be the Gaussian density of the initial distribution of
the parameter in the SGD recurrence equation (4),
ie.,

1 _lwy?
W)= —F—=5¢ >0,

Po(W) (203m)K/2
where K is the dimension of the parameter and og is
the variance of the initial parameter W) . Moreover,
L(W) is a cost function satisfying the quadratic form
assumption with a deep local minimum. Then, the
expected value of the loss, with respect to the steady-

state distribution, satisfies the following inequality

2
- aoc” 1K
E[L(W)] < 37— [5 log(2 027 + log(Cl10c)
Ess[l\WIIQ]}
2 O'g '

o

(13)

2
_l’_

(14)
where Egs refers to the expectation with respect to
the steady-state distribution of the parameter W and

L(W) is the averaged loss function by the number of
elements K.

Proof. We first recall the Fokker-Planck equation,
the stationary state is given by
2bL (W)
pss(W) = C’171006_ oo (15)
Next, we introduce the Kullback-Leibler (KL) diver-
gence between the initial state and the stationary
state. The KL divergence is given by

D(pss”pO) = /pss IOg <];;Ob) dw > 0.

Note that the KL divergence is always non-negative.
Finally, substituting the initial distribution and the
stationary state, we can obtain

2

(16)

= ac” K 9
s < —
E[L(W)] < 57| 5 log(2odm) +10g(Clicc)
Ess[[W]°]
* 202 } ’
(17)
0

Remark II1.2. By following Equation (14), we can
consider the behavior of Es[L(W)] within two differ-
ent regions.

o When o3 < 1, the loss function behaves as
Ess[i(W)} < KIV(W)v (18)

with Bes[W] = 0, K, is a constant and V(W) is
the averaged variance of the steady-state weight
distribution, which is divided by K.



e On a contrary, when o3 > 1, the expectation of
the loss function behaves as

Eu[L(W)] < Kz log(ap). (19)

In the small initial variance range, the behavior
of the final state of the loss function depends on the
final state of the weight variance V(W). In this sense,
when we set the small variances for the initialization,
the value of the loss function is proportional to the
size of the final state weight distribution. Meanwhile,
when og > 1, the value of loss function proportional
to log(c3). Although at first glance the behavior
under 02 > 1 might seem preferable, the large value
of 02 causes the bound function to increase, offsetting
the advantage. In particular, when the steady-state
variance Eg[||W|?] remains on the same scale as 03,
initializing with a smaller o2 yields a tighter loss
bound than using a larger one. Empirically, in the
DNN model without vanishing-gradient issues, the
observed steady-state variance indeed stays propor-
tional to the chosen o (Section IV). Moreover, by
optimizing the r.h.s of (14) with respect to oo, we
achieve the optimal condition for the initialization
variance as stated in the following theorem.

Theorem II1.3. Under the assumptions of Proposi-
tion II1.1, one has

- ao? Ess[IW]1°]
Eg[L < — 11 e log(2
bb[ (W)] 4b |:Og ( K ) + Og( 7'rec(l,loc):|
(20)
provided that the optimal standard deviation of the

initial distribution is given by

aozy/wZ\/f/(W}

If we assume By [W] = 0, the optimized bound for the
expected value of the loss function is:
ac? _
Es[L(W)] < I [log(V(W)) + 10g(27TeC’17100)] ,
(21)
where V(W) is the averaged variance of the final
state.

The direct consequence of our result provides that
o0 = /Ess[|[W|?]/K, where K is the total number
of units of the network. For a given structure of
the network, the optimal scale of the initialization
standard deviation is O(1/v/K). This result is also
consistent with He-normal distribution where the
initialization standard deviation at layer £ is of order
O(1/\/Ky), where K, is the size of the layer.

Remark II11.4. The inequality in Theorem III.3
depends on the normalizing constant C1oc, which
captures the information about the loss landscape and

model structure. A common way to approzimate C 1oc
is to apply the Laplace approximation for each local
minimum and sum the resulting Gaussian normal-
izers, as mentioned in, for instance, [27], [28]. In
our theorem, C1 1oc should be relatively smaller than
V. If we consider a one-layer model, the normalized
constant is larger than C 1o because it has only a
single minimum.

Remark IIL.5. According to [22], under the local
quadratic approzimation (10), the quasi-steady-state
distribution is approximated by a Gaussian

Dss X 67%WT071Wa (22)
where C is the quasi stationary covariance of pgs-
Note that for a general constant anisotropic noise
covariance X, the quasi-steady state is mo longer a
Gibbs-type density. With the normalization, we set

the quasi-steady state to be
1 1T o1
5. (W) = 67§W C W.
P W) = GoRZ det(cy172
In addition, this covariance matriz satisfies the fol-
lowing relation

(23)

AC 4 CAT = ¢3, (24)

where A is already introduced in (10). Then, the KL
divergence is calculated by

’DKL(ﬁssHPO)

2
1 [— logdet(C) — K + K log g + W] .
2 o
(25)
Moreover, we can optimize the KL divergence to
obtain an optimal condition for initialization variance
ol. It is given by
_ [ Es[IW]%]
og = .
K

It is the same expression as Theorem. (II1.3) but
E[|W|?] = tr(C) with Exx[W] = 0. If C is an isotropic
covariance, this result corresponds to the theorem.
II1.3. For the anisotropic constant covariance case,
we take into account tr(C). In this setting, we do
not obtain an explicit bound for Eg[L(W)] as in the
isotropic case. However, L(W) and the KL divergence
are related through the quasi-steady covariance C, and
by optimizing the KL divergence, it still provides an

optimal initialization condition o} = tr(C)/K.

(26)

In summary, our analysis shows that the expected
loss is highly sensitive to the scale of the initial weight
distribution. In particular, for small initialization
variances, the loss is (at most) proportional to V().
In this sense, to obtain the small loss values, we need



to suppress the variances of the steady state. Ideally,
if one can set the initialization variance to oy =

\/V(W), which implies that the initial distribution
is very close to the steady state, the optimized loss
bound is achieved. However, satisfying this optimal
condition before the learning process is very challeng-
ing in practice. In the following numerical section, we
further explore the relationship between Eg[L(WW)]
and V(W) and discuss the practical difficulties in

meeting this optimal condition.

IV. NUMERICAL EXPERIMENTS

A. Setup

In this section, we perform the simulation on the
Deep Neural Network (DNN) model. Our model is a
basic DNN model, a fully connected neural network
comprising an input layer, hidden layers, and an
output layer. The NN model takes training data of
size N, (x;,y;) for i = 1,2,..., N. Throughout this
article, the input z; = (2;1,...,%;q4) is normalized to
be in [0,1]%, and the output y; € # = {1,..., M},
where M is the number of classes of the classification
task. In this case, the weight W = (Wj,,) isa d x M
matrix, connecting the input layer to the output
layer. To perform classification, we use the softmax
function to normalize output values. Moreover, for
any input z;, the transformed value is defined by
zi = ;W = (Z?:l JL‘ijol, R Z?:l l‘ijo ) S
RM . Then, the soft-max function evaluated at z; is
d(z;) = (61(24), - .., dam(2:)) and is defined by

Zim

€
2 e

In this study, the loss function is chosen as the
cross-entropy. In other words, the loss function of the
weight W evaluated at any input x is defined by,

dm(zi) = , form=1,...,M. (27)

M
Leross(W5 ) = = Y _ tm 10g drm (z W),

m=1

(28)

where t = (tq,...
truth label g, i.e.,

,tar) is the one-hot coding of the

0, if m#mg

. 29
1 ifm=mg (29)

ymoﬁtm{

In addition, for minibatch learning, the global loss
function is given by,

L) =3 3 Low(Wiz),  (30)

1€Qp

where Qp, C {1,...,n} is a random subset of size b.
Then, the SGD optimization step is written as

— W(t) o aLcross(VV(t); l‘l)

im oW; ’
ey Jm

forj=1,....,d, and m=1,..., M,

(t+1)
Wit

(31)

for minibatch learning. In our problem, the optimiza-
tion method on an NN model with no middle layer
is based on the above setup and iterative updates
following the SGD optimization algorithm.

B. Numerical results

We carry out classification experiments on MNIST
with a three-layer fully connected network with
ReLU activations. All weights are initialized as Wy ~
A(0,02) and the models are trained with stochastic
gradient descent (SGD). We aim to examine the re-
lationship between the expected value of the steady-
state loss and the variance of the steady-state weight
distribution.

In the three-layer network, the loss function is non-
convex, multiple minima coexist, and the theorem
predicts a non-trivial dependence between the final
loss and the variance of the initial distribution o3.
In what follows, we present numerical results that
primarily validate Theorem III.1 and, in addition,
illustrate the time evolution of the weight variance.
In our theoretical result, we set V(W) = E[||W|?]
under the symmetry assumption E[W] = 0. In our
simulations, the empirical mean satisfies |E[W]||*<
E[||W]|?]; hence the numerical variance can be com-
pared directly with the theoretical quantity V().
In this numerical experiment, some hyperparameters
are fixed, including batch size b = 100, the learn-
ing rate & = 0.0001, and the number of epochs
t = 1000 for all simulations. Each case is per-
formed 10 times independently, and the averaged loss
function Egs[L(W)] is computed from these results.
The experiments are conducted using two different
settings: (1) A simple three-layer DNN model trained
on the MNIST dataset, and (2) CNN-based models
including a two-layer CNN and a VGG model [29]
trained on the CIFAR-10 dataset.

1) Three-layer DNN model: In this section, we
show the numerical results for a deep neural network
model with three layers. First, we show the results
of the time evolution of the averaged variance. In
Figure 1(a), by examining the time evolution of these
variances in the three-layer DNN, we observe in this
case that when o¢ < 0.1, the steady-state variance at
the end of the training epoch is larger than the initial
variance, whereas for og > 0.2, the final variance falls
below the initial value. Intuitively, the DNN appears



to adjust its weights throughout the training process
to converge toward a locally optimal variance.
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Fig. 1: (a) Time evolution of the averaged weight
variance V(W,t) over N = 10 runs of a three-
layer deep neural network trained with SGD un-
der different initial variances og. Results are shown
for MNIST. (b) The figure shows the accuracy for
various og values on MNIST. When o9 = 0.15,
the validation accuracy takes the highest value. The
black dashed line represents the result using He-
Normal initialization.

Note that for tiny values of o, the steady-state
variance V(W) seems to violate the bound of Equa-
tion (18). This issue likely stems from the vanishing
gradient problem, a common challenge in training
deep neural networks using too small initial weights.
This is a technical problem; thus, we have to discuss
our theoretical analysis without this region. In Figure
2(a), with a reasonably small region of oy imple-
mented on MNIST data, the result shows that the
optimization process gives a lower loss value than a
linear bound K; V(W) on the right-hand side of (18).
In this sense, (18) holds for this numerical simulation.
In particular, the optimized o¢, the one satisfying the
optimal condition (II1.3), provided a slightly lower
loss function than the case of using He-normal initial-
ization, which is a common initialization distribution.
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Fig. 2: The relationship between the expected train-
ing loss E[L(W)] and the steady-state variance V (W)
in Equation (18) for a DNN network trained using
SGD under different initial variances . The red
linear function is the most relaxed bound for small
oo shown in Equation (18), and a star marker repre-
sents the result using He-Normal initialization. For
each o0(, weights are independently sampled from
the same Gaussian distribution .47(0,02), and the
average variance V(W) over 10 runs is plotted on the
x-axis with the MNIST dataset. The figures show (a)
the overall variance for this network, (b) the variance
of the output layer. Each point is colored according
to the ratio V(W) /o2.

Figure 2(a) highlights the ratio V(W)/o? as a
function of the overall converged variance V(W).
At o9 = 0.15, this ratio approaches unity, which
corresponds to the point in Figure 2(a) (loss vs
variance of overall layer) and 2(b) (loss vs variance
of the output layer) attaining the minimum expected
loss. Hence, satisfying o2 = V(W) realizes the lowest
loss, which again confirms our theoretical result.

Finally, we illustrate the time evolution of the vali-
dation accuracy for a learning process with our three-
layer DNN model. Figure 1(b) shows that when the
optimal oy = 0.15 is selected for the initialization,



the model achieves the highest accuracy in the final
epoch. Furthermore, the trajectories corresponding
to the standard deviations around this optimal o
also achieve better accuracies than the case of He
normal initialization. In summary, our numerical ex-
periments for the DNN network under SGD confirm
the following key points:

e In Figure 1(a), we observe that the learning
dynamics tend to converge toward the ideal
scale of the weight distribution. Specifically, the
algorithm dynamically modulates the spread of
the weight distribution by adapting the scale of
the parameters around the optimal o( to align
itself with the theoretically optimal size.

o For initial variances in the range o2 < 1, the
expected value of the loss function satisfies our
bound of Equation (18):

Ei[L(W)] < K, V(W)

This bound is the most relaxed bound function
for the small og region.

o The theory predicts that the optimal initializa-
tion should satisfy

o2 =V(W).

In practice, DNN models are capable of achiev-
ing this optimal condition if they start from
an ideal scale of the initialization distribution,
especially in the Gaussian case. In particular, al-
though the He-normal scheme remains a strong
baseline, our results show that an alternative
initialization variance og, derived from the pro-
posed optimal condition, achieves even better
training performance, particularly in terms of
lower loss, than He-normal initialization. Physi-
cally, this optimal condition means that SGD be-
gins its search in exactly the region of parameter
space that will eventually contain the minimum-
loss solution. Because the exploration range is
already well-matched to the final steady-state
spread, every weight is updated inside this re-
gion from the outset, enabling the network to
converge more quickly and reliably to well-
optimized values.

o While the theoretical optimal condition is ex-
pressed in terms of the overall ratio V(W) /o2 =
1, our numerical experiments suggest that lower
loss is achieved when this condition is also ap-
proximately satisfied in individual layers. In par-
ticular, Figure 2(b) indicates that the variance
ratio of the output layer affects the loss. This
suggests that satisfying the optimal condition is
important not only for the overall variance but
also for each individual layer.

2) Modern network models: In this section, we
present numerical results for more realistic architec-
tures trained on the CIFAR-10 dataset.
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(b) VGG model.

Fig. 3: The relationship between the expected train-
ing loss E[L(W)] and the steady-state variance V (W)
in Equation (18) for a modern complex network
trained using SGD under different initial variances
o2. The red linear function is the most relaxed bound
for small oy shown in Equation (18), and a star
marker represents the result using He-Normal initial-
ization. For each og, weights are independently sam-
pled from the same Gaussian distribution .4(0,03),
and the average variance V(W) over 10 runs is plot-
ted on the x-axis with the CIFAR-10 dataset. The
figures show (a) the CNN two-layer model and (b)
the VGG Net model. Each point is colored according
to the ratio V(W) /a?.

Figure 3(a) shows the results for the two-layer
CNN. In this case, He-normal initialization gives
the lowest loss among the tested initializations. This
appears to be closely related to the fact that the
variance ratio V(W) / 087 ¢ in He-normal initialization
remains close to unity across all layers, including
the convolutional layers. In this sense, He-normal
provides an initialization scale that is already well
aligned with the practically favorable condition ob-



served in our earlier experiments. By contrast, the
VGG results in Figure 3(b) do not exhibit the same
trend as in the DNN and two-layer CNN cases. In
particular, the loss is no longer organized simply by
the ratio V(W) /02, and the relationship predicted by
the theory is not clearly observed for this model. This
may indicate that, for a deeper and more complex ar-
chitecture such as VGG, the assumptions underlying
our analysis are no longer sufficiently reasonable. In
particular, our theoretical argument relies on a local
quadratic approximation of the loss function around
a local minimum, whereas such an approximation
may not well describe the optimization landscape
relevant to VGG training.

V. CONCLUSION

In this article, we derived an analytic optimal
condition for the initial variance of of Gaussian
weight initialization under SGD and examined it
numerically using a fully connected three-layer neu-
ral network model on MNIST and modern convolu-
tional architectures on the CIFAR-10 dataset. For
the three-layer model, our experiments showed that
the theoretically optimal o consistently achieves
lower training loss and higher test accuracy than the
widely used He-normal initialization. For the two-
layer CNN model, He-normal initialization gave the
best performance among the initializations tested in
our experiments, which appears to be related to the
fact that it satisfies the optimal variance condition
well in this case. In particular, our results indicate
that He-normal satisfies the optimal condition at
each layer, and this provides a mathematical per-
spective on why He-normal initialization performs
well in practice. In some shallow DNN models, the
loss function structure usually consists of multiple
quadratic local minima, and therefore, the learn-
ing process is practically non-ergodic. In this sense,
studying the ideal condition for the initialization
is important because the influence of the initial
state persists in the steady state, and starting the
learning process from an ideal situation likely yields
the most efficient result. By contrast, for the VGG
model, we observed that the predicted variance-loss
relation is no longer clearly observed. This suggests
that, in deeper and more complex architectures,
the assumptions underlying our analysis, in partic-
ular the local quadratic approximation around a
local minimum, may no longer provide a sufficient
description of the effective optimization landscape.
Physically, choosing the initialization distribution is
equivalent to choosing the exploration region in the
learning process, especially for small learning rates.
This optimal condition means that the exploration

region of SGD already matches the region where
the final state is located. Every weight is updated
inside a productive basin from the first step, yielding
more reliable optimization in landscapes riddled with
multiple local minima. Although a lower training
loss does not always translate into the highest test
accuracy, our experiments show that the optimal
Gaussian parameter op improves both metrics in
practice. It is still meaningful for the process to
achieve the lowest loss value in ML framework.

While previous works showed a few mathemat-
ically grounded criteria for choosing initialization
hyperparameters, our method provides a concrete
guideline by evaluating the information distance be-
tween initialization and steady state in a learning
process. For future perspective, discovering algo-
rithms that actively search for the optimal initializa-
tion variance could further improve the efficiency of
deep learning optimization. Moreover, although our
current analysis relies on the Kullback—Leibler diver-
gence, replacing it with metrics such as the Wasser-
stein distance would naturally recast the problem
within the framework of optimal transport and may
lead to richer theoretical insights. Moreover, we can
also consider the heavy-tailed distribution for initial-
ization. This aspect has been studied, for example, by
[30]. However, in our theorem, heavy-tailed initializa-
tions do not deliver uniformly high accuracy across
trials. Indeed, their divergent second moment often
makes performance less stable than in the Gaussian
case. Nevertheless, they sometimes yield surprisingly
good results in individual runs, suggesting that, un-
der the right conditions, the broader exploration they
induce can land the optimizer in favorable regions
in the loss function space. Identifying when and why
these rare successes occur remains an interesting area
for future work.
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